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C^ ■ Abstract. In this paper, we consider the well-posedness for the Cauchy problem 

of the Kawahara equation with low regularity data in the periodic case. We obtain 
the local well-posedness for s > —3/2 by a variant of Fourier restriction norm 
method introduced by Bourgain. Moreover, these local solutions can be extended 

■ ■, globally in time for s > — 1 by the I- method. On the other hand, we prove ill- 

^H ■ 

_^ , posedness for s < —3/2 in some sense. This is a shape contrast to the results in 

• , the case of M, where the critical exponent is equal to —2. 

a 

1. Introduction 

>• . We consider the weh-posedness for the Cauchy problem of the Kawahara equation 

VO ■ 

[-^ ' which is one of the fifth order KdV type equations. 

(N 

^. ■ \ dtu + adlu + Pdlu + id^{u^) = 0, (t, x) E [0, T] x T, 

m : \ (1-1) 

O' 1 u{0,x) = Uq{x), X G T, 

CN 

where a,/3,7 G M with a, 7 7^ and T := R/27rZ. Here the unknown function 

u is assumed to be real valued or complex valued in the case we deal with the 

local well-posedness (LWP for short) and to be real valued when we consider the 

global well-posedness (GWP for short). By the renormalization of u, we may assume 

a = —1, 7 = 1 and /3 = — 1, or 1. We put v = u — a where a is the integral mean 

value of initial data defined as a := JjUo{x)dx. If u solves (11.11) . then v satisfies the 

following equation. 

dtv - dlv + I3&lv + 2ad^v + d^{v'^) = 0, (t, x) e [0, T] x T, 
v{0,x) = Vo{x), X eT. 

Note that the Fourier coefficient J^x{'v){0) of zero mode vanishes. It suffices to 
consider the well-posedness for (11. ip under the mean-zero assumption JjUo{x)dx = 



% 
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because the linear first order term is harmless. This observation was used by 
Bourgain [2J. Without the mean- zero assumption, the data-to-solution map fails to 
be C^ in H^{T) for any s G M. So this assumption is crucial for some of analysis 
that follows. From the above argument, we only consider the case Z := Z\ {0}. The 
Kawahara equation models the capillary waves on a shallow layer and the magneto- 
sound propagation in plasma (see e.g. [17J). This equation has solitary waves with 
(3 = 1 and many conserved quantities. Our aim is to prove the well-posedness for 
(11. ip with low regularity data given in the Sobolev space if'^(T). Here H'^(T) is 
defined by the norm, 

ll„ II II / L\ s x" „ II 

2 tT-) 1 



ll'"ll_H'»(T) ■— II \^) -^^-mI 

where (■) := (1 + | ■ p)^/^ . We first use the Fourier restriction norm method to prove 
LWP for (11. ip . This method was introduced by Bourgain [2]. Next, we extend local 
solutions to global-in-time ones by the I-method which was exploited by Colliander, 
Keel, Staffilani, Takaoka and Tao [7], |8]. The Kawahara equation with the periodic 
boundary does not have the Kato smoothing effect unlike the case of M, though 
a weak version of the Strichartz estimate still holds in the periodic setting. It is 
possible to make a close investigation into the resonance of nonlinear interactions 
under the periodic boundary conditions. 

The local well-posedness for the periodic KdV equation has been extensively stud- 
ied. Bourgain [2] proved LWP in H'^ for s > 0. Kenig, Ponce and Vega [18] refined 
Bourgain's argument to show LWP in H^ for s > —1/2. Moreover, Colliander, Keel, 
Staffilani, Takaoka and Tao [S] obtained LWP in the critical case s = —1/2. On the 
other hand, Christ, Colliander and Tao p] showed that the data-to-solution map 
fails to be uniformly continuous for —2 < s < —1/2. We now recall the local well- 
posedness results for the Kawahara equation. Hirayama [H] proved LWP in H"^ for 
s > — 1 in the periodic case, which was an adaptation of the argument to Kenig, 
Ponce and Vega [18] . Moreover, there are many studies in the case of M. Chen and 
Guo [1] proved for s > —7/4, using some modified Bourgain space F'^ introduced in 
[T2] . Following an idea of Bejenaru and Tao [1] and Kishimoto and Tsugawa [19], 
we improved the previous results to s > —2 in [15j. This result is optimal in such 
a sense that the data-to-solution map fails to be continuous when s < — 2. Earlier 
results can be found in [5], [11] and [21]. The main difficulty in obtaining LWP for 
the periodic equation is to recover no derivatives by the smoothing effects. So we 
need to make a more complex modification of the Bourgain space. Then we find a 
suitable modification of function spaces to obtain the following theorem. 
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Theorem 1.1. Let s > —3/2. Then ( fi.il) is locally well-posed in H^{T). 

On the other hand, we obtain the iU-posedness resuh in the following sense. 

Theorem 1.2. Let s < —3/2. Then, there is no T > such that the flow map, 
H'{T) 3uo^ u{t) G H'{T), can be C^ for any t G (0,T] 

These theorems imply that the critical regularity is s = —3/2. Moreover, the 
local solutions obtained in Theorem 11.11 are shown to exist on an arbitrary time by 
the I-method. Colliander, Keel, Staffilani, Takaoka and Tao [9] proved GWP for the 
periodic case KdV equation when s > —1/2, which was improved to s > —1/2 in 
|10] . We now describe the global well-posedness results for the Kawahara equation in 
the non-periodic case. Note that it is difficult to apply the I-method to the Kawahara 
equation because this equation has less symmetries than the KdV equation. Chen 
and Guo [4j overcame this issue and used the similar argument to [S] to show GWP 
for s > — 7./4. Recently, we have refined their argument and established GWP for 
s > —38/21 in [TH]. We apply the argument presented for the non-periodic case to 
the periodic setting so that the following is established. 

Theorem 1.3. Let s > —1. Then U.l\) is globally well-posed in H^{T). 

This result is optimal as long as we use the standard Bourgain space. 
We now use the scaling argument. For A > 1, 

U\{t,x) := X^'^u{\~^t, X^^x), Uo^x{x) := X^'^uq^X^^x) 

If u solves (11. ip . Ma satisfies the following rescaled Cauchy problem; 

dtux-dlux+ A-2/39>A + 5.K) = 0, {t,x)e[0,X'T]xTx, 

(l.zj 

ma(0,x) = Mo,A(a;), x G Ta, 
where Ta := M/27rAZ. (p denotes the Fourier transform on Ta of ip as follows; 

(p{k) := -^ f e-*'^Xx)rfx, A; G Za := \z. 
V 27r Jo X 

Here the space H^{Tx) is equipped with the norm 

where 

ketx 
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for 1 < p < oo. A direct calculation shows that 

lko,A||i/s(T;,) < ^"'^^^"1ko|li/s(Tr) for s < 0. (1.3) 

Therefore we can assume smallness of initial data. So it suffices to solve (11. 2p 
for sufficiently small data. We first summarize the local well-posedness theory. The 
main idea is how to define the function space to construct solutions. When s is small, 
especially negative, the Bourgain space plays an important role. The Bourgain space 
X*'*(M X Tx) for 27rA-periodic is defined by the norm 



p||x=>f'(IRxT;^) 



{ky{r-p,ik))'u 



lli^x-Mi 



where p\{k) := fc^ + /3A~^fc'^. Remark that the Bourgain space depends on the linear 
part of our target equation. One of the key estimates is the bilinear estimate in X*''' 
as follows: 

\\K'^d,j,{uv)\\xsM < C\\u\\xs,b\\v\\x->'', (1-4) 

where A'' is the Fourier multiplier defined as A^ := J-'^1{t — P\{k)YJ^tr^ for 6 G M. 
From the bilinear estimate and some linear estimates, the standard argument of the 
Fourier restriction norm method works to obtain LWP. Hirayama |14| showed ()1.4p 



for s > — 1. On the other hand, he proved that this estimate fails for any 6 G M 
when s < — 1. So it is difficult to construct the local solutions by the iteration 
argument when s < — 1. To avoid this difficulty, we modify the Bourgain space X*'* 
to control strong nonlinear interactions and establish the bilinear estimate at the 
critical regularity s = —3/2. An idea of a modification of X*''' was developed by 
Bejenaru and Tao [T]. They considered the quadratic Schrodinger equation with the 
nonlinearity u"^ and obtained LWP in the critical case H^^(R). Note that there is 
no general framework for modifying X'*'''. This is one of the most difficult points 
in our study. Compared to the non-periodic case, less derivatives can be recovered 
by the smoothing effects in the periodic setting. So nonlinear interactions which we 
can ignore in the non-periodic case take effect. Therefore we need to make a more 
complex modification of X*''' to control three types nonlinear interactions. We now 
mention how to modify X*'^. From the counterexamples of (ll.4p in the case s < —1, 
we find the regions in which strong nonlinear interactions appear. In these domains, 
we make a suitable modification of X*''' as follows; 

\\u\\z^ ■= IIPdi^IIx-.s/^ + ||-PD2^i||x-3=-i>'=+i 

-I- ||Pd3w||x-s/2-i,s/2+i + ||M||ys, for — 3/2 < s < —1, 
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where P^ is the Fourier projection onto a set fi C M x Z^ and 

Di := {{T,k) gMx Za ; \t - px{k)\ < \k\*/10 and |A;| > l}, 

D2 := {(r,A;) G M x Za ; |A;|VlO < |r-j9A(A;)| < |A;|VlO and \k\ > l}, 

^3 := [(T,k) gMx Za ; |r-j9A(A;)| > |A;|VlO and - < |A;| < l}. 

A 

Here WuWy" '■= ||(^)'^w||;2^i and F* is continuously embedded into C(M.; H'^(Tx)). 
Using the function space above, we obtain the following bilinear estimate which is 
one of the main estimates in the present paper. 

Proposition 1.4. Let —3/2 < s < — 1. Then, the following estimate holds. 

\\A''^d^{uv)\\zs <C\\u\\zs\\v\\zs, (1.5) 

where a positive constant C is independent of X. 

Next, we extend the local solution obtained above globally in time. In the case 
s is negative, we have no conservation laws. To avoid this difficulty, we apply the 
I-method exploited by Colliander, Keel, Staffilani, Takaoka and Tao [7], [S]. The 
main idea is to use a modified energy defined for less regular functions, which is not 
conserved. If we control the growth of the modified energy in time, this enables us 
to iterate the local theory to continue the solution to any time T. We now mention 
the definition of the modified energy E} (u). The operator / : H'^ — )■ L^ is the 
Fourier multiplier defined as / = J-'7'^m(^)J-'x. Here ?ti is a smooth and monotone 
function satisfying 

fl for 1^1 < AT 

m(0 := < 

l^l^l'^A^-^ for|^|>2Ar, 

for s < and A^ ^ 1. The modified energy E} '{u) is defined as E\ {u){t) : = 
II /■u(t) 11^2- In the I-method, the key estimate is the almost conservation law which 
implies the increment of the modified energy is sufficiently small for a short time 
interval and large N. Following the argument of 0, we obtain the almost conser- 
vation law and show GWP for s > —21/26. However, the growth of the modified 

(2) 

energy Ej (u) in time cannot be controlled for —1 < s < —21/26. Then we add 
some correction terms to the original modified energy Ej (u) to construct a new 
modified energy in order to remove some oscillations in this functional. This idea 
was developed by Colliander, Keel, Staffilani, Takaoka and Tao [9] . They p] proved 
GWP of the KdV equation for s > —3/4 in the case of M and for s > — 1/2 in the 
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periodic case. Chen and Guo [4J establish the sharp upper bound of some multipher 
to show GWP of the Kawahara equation for s > —7/4 in the case of M. Following 
the argument of [1], we obtain the almost conservation law for the modified en- 
ergy Ej (u) by adding two suitable correction terms to the original functional when 
s > — 1. On the other hand, the difference between the almost conserved quantities 
Ej (u) and the first modified energy E} (u) can be controlled by Ej (u) when 
the time is fixed. This estimate and the almost conservation law imply that the 
well-posedness on any time interval. Remark that we do not expect to recover any 
derivatives by the bilinear Strichartz estimate in the periodic case (see Lemma 12.11 
in section 2). This is the reason why it is hard so that the I- method is applicable 
when s < —1. 

We use the following notations in this paper. A < B means A < CB for some 
positive constant C and A r^ B when both A < B and B < A. c+ means c + e, 
while c— means c — e where e > is enough small. For a normed space X and a 
set fi, II ■ \\x{Q.) denotes ||/||A'(n) := Hxj^/IIa' where xn is the characteristic function 
of fi. 

The rest of this paper is planned as follows. In Section 2, we give some preliminary 
lemmas. In Section 3, we prove the bilinear estimate (11. 5p and give the proof of LWP 
in Section 4. In Section 5, we show GWP by the I-method, following [4j and [9] In 
Section 6, we give the proof of Theorem 11.21 which is based on Bourgain's work [3]. 

Acknowledgment. The author would like to appreciate his adviser Professor 
Yoshio Tsutsumi for many helpful conversation and encouragement and thank Pro- 
fessor Kotaro Tsugawa and Professor Nobu Kishimoto for helpful comments. 



2. Preliminaries 

In this section, we prepare the bilinear Strichartz estimate to show the main 
estimates. When we use the variables (r, fc), {ji, ki) and (r2, ^2), we always assume 
the relation 

(r, fc) = (ri,A;i) + {T2,k2). 

The bihnear estimate (11.51) can be established by the Holder inequality, the Young 
inequality and the following estimate. 
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Lemma 2.1. Ifb, b' eR satisfy h + V > 29/40 and b, b' > 9/40, then we have 

||-P{|fe|>l}(M^)||r2 < ll^llxo.f'lkllxo.!''? (2-1) 

\\u{P{\k\>i}v)\\^o,-b' < ll«llx''.^lkllL2,- (2-2) 

Proof. For a dyadic number M > 1, -Ujv/ denotes that the support of u is restricted 
to the dyadic block {(r — px{k)) ~ M}. We use the triangle inequality and the 
Plancherel theorem to have 



\P{\k\>l}{uv)\\^2 < ^ ||^{|fe|>l}(MMi^M: 
Mi,M2>l 






II 1 . f 

y^ k X] / ^Mi{ri,ki)vM2{r2,k2)dTi 



Mi,M2>l fciG^A 

Using the Schwarz inequality twice, the above is bounded by 



llL%(\k\>\) 



y] sup (t V / XE{j,k,TxM)<i^\) II^mJIl? IkMalL^ , (2-3) 



where 



E:={(r,A;,ri,A;i)G(MxZA)'; |ri - pa(A;i)| ~ Mi, |r2 -Pa(A;2)| ~ M2, |A;| > l}. 
We now show the following estimate when Mi > Mi- 

sup I V / Xi^(r, A;, n, A;i)rfri < Mf/'V^. (2.4) 



The identity. 



(r - ^ - /3A-2^) - (n - p,(A:i)) - (r^ - paIA:^)) 



4a:(A:i - kif{{k, - k,f + 2A;2 + ^/3A-^}, 
lo 5 



implies 



U + 0(ma.{A/,M,}) ^ ^^^ ^ 5^,-.).)"= _ (,. + 5^,-.), 



|A;| ' 5 ' J ' 5 

16 A;^ A;'^ 

where Lq := — r /3A^^— - . Now (r. A;) is fixed. Then the variation of A;i is 

5 16 4 ' 

bounded by 

^ max{Mi, Mi\ f Lp + 0(max{Mi, M^}) ^ 632^ -1/2 

^ \k\ \ \k\ + {k+-^\ ) 



X 



Lo + 0(max{Mi,M2}) ,,2 6 2^2^/^ n2 6 



-1/2 



l^o + Uima^Mi.M.))^ . ^ V-')n ' - (*= + -/?A-)1 "'". (2.5) 
I. A; 5 J 5 J 
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Note that for |A;| > 1 

Lo + 0(max{Mi,M2}) 2 6 2^2^/^ /,2 6 



+ (e + :-px-Y -ie + "-p\-') 



-1/2 



\k\ ' 5"^ ' J ' 5' 

>|A;|-=^/2Q(max{Mi,M2})i^ (2.6) 

We apply (12. 6p and the Young inequahty to (12. 5p so that the variation of fci is at 
most 

^|^|3/2-5/2p^g^^|^^^ ^^|3/4-l/2p for 1< p < OO. 

The above is equal to Aniax{Mi, M2}^''^'^ with p = 5/3. If we also fix ki, ti is 
restricted to the interval of measure 0(max{Mi, M2}). Therefore we obtain (12. 4p 
when Ml > M2. Substituting (E^]) into (O, we have 

Mi,M2>l 
N,M2>1 
Ar>l A/2>1 

Applying the Schwarz inequality in M2 and summing over A^, we obtain the desired 
estimate. 

On the other hand, we immediately obtain (12. 2p from the duality argument. D 

We put a one parameter semigroup U\(t) as follow: 

Ux{t) := I'f:^ exp{ipx{k)t)J^^. 

For any time interval J, we define the restricted space Z^{I) by the norm 

||'w||z«(/) := inf{||f ||z= ; u{t) = v{t) on t G /}. 

From the definition, Z''([0,T]) has the property as follows; 

X^'='/^([0,T])-^Z^([0,T])-^C([0,T];if^(TA)). 

The above property implies the following linear estimates. 

Proposition 2.2. Let s G M, T > and A > 1. Then, we have 

\\Ux{t)uo\\zs(^[Q,T]) < 1 1 Wo 1 1 7/3 (T). 
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Proposition 2.3. Let s G M, T > and A > 1. If the bilinear estimate U.5\) holds, 
then we have 



I / Uxit - t')F{t')dt' 
Jo 



< 



Z«([0,T]) ~ \\nz-i[0,T])\\V\\z-i[0,T])- 



For the proofs of these propositions, see P . 



3. Proof of the bilinear estimate 



In this section, we give a proof of the bilinear estimate fll.Sp . For simphcity, we 
introduce the Fourier multiplier J" := J-'^^ (k)'^ J-'^ for a G M. Proposition 11.41 can 
be established by Holder's and Young's inequalities and Lemma 12.11 



Proof of Proposition [7!7| We prove the following two estimates to obtain (11. 5p . 



\\A-'d,iuv) 



\x^, 



< 



< 



mlz-WvWz" 



\U\\zs\\V\\zs 



where || ■ ||x^ is the norm removing || ■ ||ys from || ■ ||^s. Firstly, we divide 
into six parts as follows; 



(3.1) 
(3.2) 



xZx)2 



Qo ■= {{T,k,Ti,ki) G 
Qi := {{T,k,Ti,ki) G 
^2 := {{T,k,Ti,ki) G 
fig := {{T,k,Ti,ki) G 
^4 := {{T,k,ri,ki) G 
fis := {{T,k,Ti,ki) G 



xZxf; |fc|,|fci|<l}, 

X Zxf \ fio ; \ki\ ^\k- ki\ > |A;| > l}, 

X Za)^ \ fio ; l^il ~ |A; - ki\ > \k\ and 1 > |A;| > 1/A}, 

X Zx)^ \ fio ; 1^1 ~ |A; - ki\ > \ki\ > l}, 

X Zx^ \ fio ; \k\ ~ |A; - ki\ > |A;i| and 1 > \ki\ > 1/A}, 

X Zx^ \ fio ; \k\ ~ \ki\ ^\k- ki\ > l}. 



Recall that Z* has the following properties; 

lhllx->i/4 < II^^IU- < ||m||x=>3/4 and ||w||x=>i/2(DiuD2) ^ \\u\\z-{DiuD2)- 

Estimate in fio 

From the property of Z'^, we only estimate the norm X^'^/^ of A~^dx{uv). From 
|fc|, |/ci|, |/c — fell < 1, we use the Holder inequality and the Young inequality to have 

\\\k\{r - px{k))-^/^u *v\\i2L2 <\\\k\\\i2\\u*v\\i^L2 



<| 



U\\]2t2 f ;2 rl , 



which is an appropriate bound. 



10 T. K. KATO 



Here we put L^ax = max{|r -pa(^)|, \Ti-px{h)\, \{t - n) -px{k - ki)\}. In the 
remainder case, we often use the algebraic relation as follows; 



5 
>- 

-6 



^ (r - v^m - (n - Pa(A:i)) - {(r - n) - Vx{k - k^)} 



kki{k - ki){e + kl + {k- kiY + \l3\'^] ■ (3.3) 





(1) We prove the estimate for fii. We first decompose f2i into three parts as follows; 

fill := [{T,k,Ti,ki) e fii ; \r - px{k)\ = Lmax}, 

fii2 := {{T,k,Ti,ki) e Qi ; |ri - px{ki)\ = Lmax}, 

fii3 := {{r,k,Ti,ki) G fii ; \{t - n) - px{k - ki)\ = Lmax}- 

The case flis is identical to the case flu- So we omit this case. Note that Lmax ^ 
|fcfc^| in fii from (13. 3p . 

(la) In fill, u*v is supported on D-^ from the definition. We use Lemma [2. II with 
b' = 1/4 and 6 = 1/2 to obtain 

\\{k)-'/^T - pxik)y/^U *v\\i2L2 < \\rurv\\Ll^ < \\u\\xs,i/2\\v\\xs,i/i, 

which implies the desired estimate except the case u and v are restricted to D^. Next 
we consider the case both u and v are supported on D^. We use Holder's inequality 
and Young's inequality to have 

\\{k)-^/'{T-pxik)r/'u*v\\,.,2 < \\u*i{krd)\\i2Li 

< \\i{k)-^/'-'{r-pxik)r/'^'u) * m~'v)\\,2^ < \\u\\x-s/.-..s/.,4{k)-'v\kLl, 

which shows the required estimate since ||(fc)^^^^||iiLi ^ ll'^lly by the Schwarz in- 
equality. Moreover we estimate the norm Y^ of A~^dx{uv). Following \t — px{k)\ > 
\kkf\, we use the Holder inequality and the Young inequality to obtain 

\\{kr^'{r~px{k))-'u*v\\i.L. < \\m-'^)*m-'v)\\iTLi < ii^iiy^i^iiy^- 

(lb) We show the estimate for fii2. Consider three subregions 

fii2a := {iT,k,Ti,ki) e fii2 ; In -pxiki)\ ~ \kk'l\], 

fim := {iT,k,Ti,ki) e fii2 ; |A;i|^ > |ri -pa(A;i)| > \kkt\}, 

fii2c := {ir,k,Ti,ki) E fii2 ; In - Px{ki)\ > \kif}, 
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In Qi2a, u is restricted to D2. Then we use Lemma ETT] with b' = 1/4 and b = 1/2 
to obtain 

<\\u\\x-3'>-l,s + l\\v\\xs,l/2. 

In 1^126 and Quc, either |ri - px{ki)\ ~ \t - pxik)\ or \ti - px{ki)\ ~ Kt - n) - 
Px{k — ki)\ happens. The former case is almost identical to the case (la). So we 
only consider the latter case. 

We prove the estimate for Qub- In this case, we may assume that both u and v are 
supported on D2 and \T—px{k)\ < \ki\^. From {ki)^'^~^^{Ti—px{ki))^^^^ < {ki)~'^^~^, 
we use the Holder inequality and the Young inequality to have 

II {ky^'ir - Px{k))-"'u * vli,. < II {kY^^I\r - px{k)Y''u * vl^^r 
< mkY^'"'n)*v\\i^L^ < ||(A;)-^^-2^/i,^^||n||x-3._M+i||t;|U-3.-i.+i, 

which is an appropriate bound. 

From the similar argument to above, we obtain the desired estimate for fli2c- 
Estimate for ^2 

(II) We divide ^2 into three parts as follows; 

^21 := {{T,k,Ti,ki) e Q2 ; -^max = \t - px{k)\} , 

^22 := {(r, A;,ri,A;i) G 1^2 ; ^max = |n -Pa(^i)|}, 

^23 := {{T,k,Ti,ki) G Q2 ; -^max = {{t - Ti) - px{k - ki)\] . 

We omit the estimate for ^^23 because this case is identical to ^^22. Note that u*v is 
supported on D^ in ^2. When \k\ < |A;i|~'^, Holder's and Young's inequalities show 

\\\k\{r-px{k))-'l'u*v\y^,. < \\{{k)-'u)*{{kr'v)\\,^,l 

< ||M||x-3.o||i;||y-3, 

which implies the desired estimate. So we only deal with the case |fci|~^ ^ \k\ < 1. 

(Ha) We prove the estimate for ^21. We use the Holder inequality and the Young 
inequality to obtain 

|||A;|(r-p,(A;))^/2n*^||,.^. < |||A:r+^/^((A:)^n) * ((fc)^^)||,.^. 
< ||((A;)'m) * {{kyv)\UL2 < \\u\\xs,o\Mys. 
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Next we estimate the V^ norm of A^^dx{uv). Combining Holder's and Young's 
inequalities, we have 

|||A;|(r-p,(A:))-in*?;||,.^.<||((fc)-^^)*((fc)-2t;)||,^.^. 

<Mk)-'u\\qLim-'v\\iiLi, 



rxj I 



which is an appropriate bound. 

(lib) We consider the estimate for f222- Following \\u\\yo < ||'u||jfs,i/2+, it suffices to 

show 



\\\k\{T-p^{k))-'/^+u*v\W^ < MzAMz^ (3.4) 

in ^222- We consider three subregions as follows; 

^22a ■= {iT,k,Ti,ki) G ^22 ; l^^ll^ < 1^1 - P\{ki)\ < \ki\'^] , 

^22b ■■= {{T,k,Ti,ki) €^22 ; \kt\ < \Ti-px{ki)\ < \ki\^} , 

^22c ■= {iT,k,Ti,ki) e 1^22 ; \ki\^ < In -Pxih)\}. 

In f222a; u IS restricted to Di. We use the Holder inequality and the Young inequality 
to obtain 

\\\k\{r-p,{k))-'/'^u*v\\,.,.<\\\k\'/\{kr{T-p,{k)f^^^ 
< \\{{kr{r-p,{k)f/'u) * {{krv)\\i^Ll < Mx.yAMv^. 

We consider the estimate for Q22b and r222c- From the estimate for fii2, we imme- 
diately obtain (13 ■4p in the case \t — p\{k)\ ~ |ri — p\{ki)\. So we only deal with the 
case \ti — px{ki)\ ~ |(r — ri) — px{k — ki)\. In Q22b, both u and v are restricted to 
D2. We use Lemma [2.11 with b' = 1/2— and b = s/2 + 1 to have 

|||A:|(r-p,(fc))-V2+^*^||,.^.<||(J-3-iA^+M(^-'^-Mllx...-v.+ 

^ ||li||x-3s-l,s + l ||t;|| j5j^_2s-4,s/2+l, 

which shows the desired estimate since ||f ||;((^-2s-4,s/2+i < ||t'||x-3s-i,s+i in D2 for 
s > -3/2. 

The case r222c is almost identical to the above case. 



Estimate for Q 



3 
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(III) From the algebraic relation (I3.3p . Lmax ^ l/ci/c"^]. We decompose ^3 into three 
parts as follows; 

^31 := {{r,k,Ti,ki) G Q3 ; -^max = In -px{ki)\}, 

^32 := {{T,k,Ti,ki) G Q3 ; -^max = \t - px{k)\} , 

^33 := {ir,k,Ti,ki) G f^s ; L^ax = In - Pxik2)\}. 

(Ilia) Firstly, we consider the case u *v is supported on D^. In this case, either 
I'T -p\{k)\ ~ \ti -px{ki)\ > \kf or \t - px{k)\ ~ \t2 - px{k2)\ > \kf holds. In the 
former case, u are supported on D3. We use the Young inequality to obtain 

||(fc)-^/2(r-p,(fc))^/2^*t;||,.,. < ||(J-^/2-^A^/2+M(^-MlLt 

< ||m||^-./2-i,./2+i II {k)~\\\ii^Ll, 

which is bounded by H-ullj^-va-Lva+illf jly from the Schwarz inequality. The latter 
case is almost identical to the above case. 

Secondly, we deal with the case v is supported on D^. From (13. 3p . \t2 — J9a(^2)| ~ 
\t — Px{k)\ > \k\^ or \t2 — Pa(^2)| ~ \ti — P\{ki)\ > \k\^ holds. In the former case, 
we have already proven (II. 5p . So we consider the latter case. We may assume that 
u is restricted to D^ and \t — px{k)\ < |A;|^. We use the Holder inequality and the 
Young inequality to have 

II {ky+'ir - pxik)r'^'u * ^11,2^2 < II {ky^'/'ir - px{k))"'u * v^^l^ 

~ II (^)^ ^^ ||/^||'U||jf-s/2-l,s/2+l 111111^^-8/2-1,8/2+1, 

which shows the required estimate. Therefore we only deal with the case both u*v 
and V are supported on DiVJ D2- 

(Illb) We estimate (II. 5p for Vt^i. In ^31, u is supported on D^ from Lmax ^ |A;ifc^|. 
We use Lemma [2. II with h' = 1/4 and b = 1/2 to obtain 

||(fc)^+i(r-p,(A:))-i/^^*t;||,2^2<||(J-/2-iA^/2+M(^-^-'^)llxo,-i/4 

^ ll'^llx-Vz-i, 8/2+1 ll^lljij^s, 1/2, 

which is an appropriate bound. 

(IIIc) We consider the estimate for ^32. From (13. 3p . u*v is supported on D2. We 
use Lemma [2. II with b = 1/4 and b' = 1/2 to have 

m-''{r-px{k)ru*v\\,.^. < \\{J'u){J^v)h.^^ 

< ||M||x=>i/4||'y||x''>i/2, 

which is an appropriate bound. 
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Next, we estimate the V^ norm of A^^d^iuv). The Young inequahty shows 

\\{kr'{r-p,{k))-'u*v\\,.,. < imr'u) * {{krv)i.,. 

which imphes the desired estimate from the Schwarz inequahty. 

(Illd) We consider the estimate for ^33. From fl3.3p . we may assume that v is 
supported on D2 and \t — px{k)\ < |A;|^. In the case u is supported on Di U D2, we 
use Lemma [2. II with b' = 1/4 and b = 1/2 to obtain 

||(fc)^+i(r-p,(A:))-i/^n*t;||,.^. < ||(J— ^^)(J-3-iA^+Mllx<w/4 

^ ll'"llx=^i/2||f ||x-a=-i.»+i- 

On the other hand, we consider the case u is supported on D3. Then we use 
Lemma [2. II with b' = —s/2 — 1/4 and b = s/2 + 1 to have 

II {k^'ir - Px{k))-^'% * vh.^. < II {k)-'^/'-'/'{r - px{k)Y'^^"'u * v^Ll 
< \\{J-''/^-''/'u){J-'''-'A'^'v)\\xo.sf2+if2 < ||n||^-w2_n/2W2+i||t;||x-3-i.»+i, 

which shows the desired estimate since — 7s/2 — 11/2 < —s/2 — 1 for s > —3/2. 

Estimate for 1^4 

(VI) In Q4, u is restricted to D3. We divide Q4 into three parts as follows; 

^41 : = {(r, /c,ri,A;i) E ^4 ; L^ax = |n -pxiki)\}, 

^42 ■. = {{T,k,Ti,ki) e Q4 ; -^max = \t - px{k)\} , 
^43 ■ = {i'T,k,Ti,ki) G ^4 ; ^max = ^2 " Pa(A;2) | } • 

When I fell < \k\~^, we easily obtain the desired estimate combining Holder's and 
Young's inequalities. So we only deal with the case |A;|~'^ ^ l^il < 1- 

(Via) In Q41, we use the Holder inequality and the Young inequality to obtain 

||(fc)^+i(r-p,(A:))-V4S*t;||,.^.<||(|A:|-V4(r-p,(fc))V4n)*((fc)^^)||,.^. 

< |||A;|"^/^(r-pA(/i;))^^^M||«iL2||w||y. < ||M||^o,i/4||t;||y». 

(VIb) In Q42, we use Young's inequality to have 

\\{kr'{r-px{k))-'/'u*v\\,.,. < imr'/'u) * {{krv)\\,.,. 

5, lll^r"*" W||/lr2 ||f ||ys, 

r-^ II I I II iii^^ II 1 1 -t ' 

which is an appropriate bound from Schwarz's inequality. 
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(Vie) From (fc2)~'(r2 - Pxih))'^^'^ < \ki\~^^Hk2)~"'^ in 1^43, we use the H51der 
inequality and the Young inequahty to have 

< |||A;|~ ' wll/iri [It'll Ys, 1/4 S, ll^lly^ll^ll Ys>i/4. 
Estimate for Q^ 



We decompose Q5 into three parts as follows; 



-^max = \t -px{k)\}, 
^max = In -pxih)]}, 
-^max = 1^2 -P\{k2)\}. 



^51 :={(t^, /i;,n,/^i) e fis 

^52 ■■={iT,k,Ti,ki) e ^5 

^53 ■ = {{T,k,ri,ki) e Q5 
(Va) In ^51, u*v is supported on D^. We divide this region into 

^5ia ■={{r,k,Ti,ki) eQni ■ \t - Px{k)\ r^ {k'^l], 

^516 :=^51 \ ^Sla- 
in r^sia, both u and v are supported on Di U L'2 from f l3.3p . We use Lemma [2?T] with 
b' = 1/4 and b = 1/2 to have 

m-'/'{r-Px{k)r/'u*vl.,. < ||(J^t.)(J^t;)||,.^ 

|li|| JS(^s,l/2 ||f||^s,l/4. 



< 



In Q^ib, either \t - px{k)\ ~ |ri -Pa(A;i)| or \t - px{k)\ ~ |r2 - Pxik2)\ holds. 
Following the similar argument to the case Qu, we obtain the desired estimate in 

(Vb) We consider the estimate for ^52. From (13. 3p . u is supported on D3. We divide 
Q52 into 

^52a- = {ir,k,Ti,ki)en52 ■■ In -Pa(A;i)| ~ l/^il}, 

^526 :=^52 \ ^52a- 

In Q52a, u*v and v are supported on Di U D2 under this assumption. Then we use 
Lemma [2.11 with b' = 1/4 and b = 1/2 to have 

||(fc)^+i(r-pA(fc))-^/^^*t^||z^L?<ll(^-^/'-'A^/'+M(^-^-'^)llxo,-V4 

~ ll'"llx-=/2-i>V2+i ||f llx^.i/a, 

which is an appropriate bound. 
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In ^526, either |ri - pxih)] ~ \t - px{k)\ or |ri - px{ki)\ ~ \t2 - Pxik2)\ holds. 
These cases are almost identical to the case (Ilia). 

In the same manner as above, we obtain the desired estimate in ^53 by symmetry. 

D 

4. Proof of the local well-posedness 

In this section, we give the proof of Theorem 11.11 by the iteration method. Here 
we put U{t) := J-'i^^ exp{ip{k)t)J-'x and p{k) := k^ + (3k^. We obtain the local 
well-posedness result in the following sense. 

Proposition 4.1. Let —3/2 < s < — 1 and r > 1. For any uq G Br{H^), there exist 
T = T{r) > and a unique solution u G Z*([0,T]) satisfying the following integral 
form for M.l\) : 

u{t) = U{t)uo - I U{t- s)dx{u{s)fds. (4.1) 

Jo 

Moreover the data-to-solution map, Br{H^) 3 Uq \-^ u E Z^{[0,T]), is locally Lips- 

chitz continuous. 

Proof. We first prove the existence of the solution by the fixed point argument. Here 
A is a sufficiently large number determined later. For any uq G Br{H^), from (11.31) . 
||%,A||ijs < A~^r when —3/2 < s < 0. Therefore we prove, for any uq^x G Bx-'iri.H^), 
there exists ux G 2''*([0, 1]) satisfying 

M[uxm = Mt), M[uxm = Uxit)uo,x - I Ux{t - s)dx{ux{s)fds. (4.2) 



Jo 
Following Propositions 11.41 and 12. 3[ we obtain the bilinear estimate as follows; 

Ux{t - s)dx{ux{s)vx{s))ds ^ < C'i||ma||z-{[o,i])||^a||z''{[o,i]), (4.3) 

for some constant Ci > 0. From Proposition 12.21 and (14. 3p . we have 

\\M[ux\\\z-{[o,i]) < Ci{\\uo,x\\h^ + ||^a|||.([o,i]))- 

Here we choose A^ > 8Cfr so that M is a map from B2CiX~^r{Z'^{[0, 1])) to itself. In 
the same manner as above, we obtain 

||M[ma] - M[vx]\\zHlo,i]) < C'i||^a + ^^a|U-([o,i])II^a-^'a||z''{[o,i]) 

< AX^^C^rWux - ^^a|U=([o,i]) < 2 H^^ ~ ^a|U=([o,i])' 

which implies that M is a contraction map on B2CiX-^r{Z^{[0, 1])). From the fixed 
point argument, we construct the solution to (14. 2 p on [0, 1]. Here we put u{t,x) : = 
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X'^u\{X^t, Xx). Then u solves (14.11) on [0, T] where the hfetime T satisfies T ~ A^^ ~ 
7--5/2^ Moreover, following the standard argument, we show that the data-to-solution 
map is locally Lipschitz continuous. 

Moreover uniqueness can be extended to the whole Z'^{[0,T]). This proof is based 
on Muramatu and Taoka's work [SO]- For the details, see [15]. D 



5. Proof of the global well-posedness 

In this section, we extend the local solution obtained above globally in time by 
the I- method. When s > — 1, Hirayama [13] obtained LWP for fll.ip in the function 
space Vr*([0,T]) equipped with the norm 

||w||vF»([0,T]) '■= lkllx^.i/2([o,T]) + lkl|y^([0,T])- 

These local-in-time solutions are shown to exist on an arbitrary time interval for 
> s > — 1. Note that s = — 1 is optimal in such sense that the bilinear estimate 
in the standard Bourgain space fails for s < — 1. The proof is an adaptation of 
the argument presented for the periodic KdV equation in [9]. Remark that we 
encounter difficulty such that the Kawahara equation has less symmetries than the 
KdV equation. Before modified energies are introduced, we prepare some notations. 
A / multiplier is a function M; R' — !■ C. We say a / multiplier M is symmetric if 
M(fci, ^2, ■ ■ ■ 5 h) = M{ka-(i), fco-(2), ■ ■ ■ , fco-(o) foi' s-ll o- G Si. The symmetrization of 
a / multiplier M is defined by 

[M]sym{ki, h,--- , h) '■= j^^ M(A;^(i), fc<^(2), ■ ■ ■ , fc^(/)). 
We define a /-linear functional associated to the function M acting on / functions 

Ai{M;ui,U2,--- ,ui) := / M{ki,k2,- ■ ■ ,ki)Ylui{ki). 

A/(M; u,- ■ ■ ,u) is simply written as A;(M). We recall the original modified energy 
E^j^\u){t) = \\Iu{t)\\l2. We use this functional to obtain GWP for -21/26 < s < 
but not — 1 < s < —21/26. Then we construct new modified energies by adding 
some correction terms to E} (u), following the argument to [9]. Using u is real 
valued and m is even, we use the Plancherel theorem to have 

Ef(M)(t) = A2(m(A;i)m(A;2))(t). 
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Here ai, hi denote ai = i J2j=i ^i ^^^ bi = i J2j=i ^j- We compute the time derivative 

(2) 

of the modified energy E} {u) to have 

^E^ium =A,{{a, + A-^/362)m(6)m(6))(t) 
at 

-2iA3{[{k2 + h)m{ki)ni{k2 + k:i)\sym){t). 

Here the first term vanishes because 02 = and 62 = 0. Therefore the time derivative 
of E\ (u) has the cubic form as follows; 

-Ef\u){t) = A3(M3)(t), M3(fci, A;2, k^) = -2z[m(fci)m(fc23)fc23].,m, 

where kij = ki + kj for i ^ j. We add a correction term A^la^) to the modified 
energy Ej (u) to construct a new modified energy Ej {u). Namely, 

Ef\u){t) = Ef\u){t) + A,{a,){t), 

where the symmetric function a^ is determined later. Similarly, the time derivative 
of E\ (u) is expressed by 

-3zA4([cr3(A;i, ^2, h4)h'i\sym){t)- 

Here we choose a^ = —M^/{a^ + \~'^[5h^) to cancel the cubic terms. Then, 

-Ef\u){t) = A4(M4)(t), M4(A;i, ^2, h, h) := -3iA^{[a3{ku k2, k^^)ku]syn.). 
In the same manner, we define the third modified energy as follows; 

E}')(M)(t) := Ef\u){t) + A^{a^){t), a^ := -MJia^ + X^^I3h). 
Then we have 

j^Ef\u){t) :=A5(M5)(t), 
M^{ki, k2, ks, ki, kr,) := - 4:i[ai{ki, k2, k^, ki5)k45\sym- 
Chen and Guo [4J obtained the upper bound of M4 as follows. 

Lemma 5.1. Let \ki\ > \k2\ > {k^l > {k^l. Then we have 
\i\/r 11 1 \\ <- \a4^ + l3X^%i\m{kl) 

m{k,, fc2, k,, k,)\ < (^vTMWTMWTMWTM ^ ^^ 

where k\ := min{|/c;|, |A;ij|}. 
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To establish this upper bound for the Kawahara equation is difficult because 
this equation has less symmetries than the KdV equation. Combining the bilinear 
Strichartz estimate (12 .ip and this upper bound (15. ip . we establish the following 
almost conservation law which controls the increment of the modified energy Ej (u) 
in time. 

Proposition 5.2. Let > s > — 1 and N ^ 1. Then there exists Ci > such that 
\E^'\um - Ef{u){to)\ < CiiV5^||J«(to)||^o([,„_i,„+i]), (5.2) 

for any to eM. and t G [to — 1, ^o + 1] ■ 
Proof. We may assume to = and u is non-negative. Since 

\Efiu)it) - E\'\um\ < j\iM,)it)dt, 

for any t G [—1, 1], it suffices to show that 

/■\ f M^jki, k2, h, k4, h) \u\^^^At5su ||5 /c-qx 

J., Hm{k,)m{k,)m{ks)m{k,)m{k,) ) ^^^"^^ ~ ^ II«IIh^"([-i,i])- (5.3) 

We suppose that \ki\ > \k2\ > l^sl > \k4^\ > {k^l without loss of generality. M5 
vanishes when \ki\ '^ N for any i = 1,2,3,4,5. So we can assume \ki\ ~ \k2\ '^ N. 
From the definition of M5, we have 

\M5{ki, k2, k3, ki, kr,)\ < \ai{k3,ki,k5,ki2)ki2\. 

From ks + ki + k^ + ki2 = 0, we only consider two cases as follows; 

D^ : = {(f, k)eR'xZl- \ks\ ~ |A;i2| > \k,\ > {k^l and l^sl ~ l^isl > N}, 
D2 ■. = {{f,k) G M^ X Z| ; |A;3| ~ \ki\ > max{|A;i2|, A;5|} and Ifeg] ~ \ki\ >N]. 

where f := (ti, r2, ■ ■ ■ , t^) and k := [ki, A;2, ■ ■ ■ , ^5)- 

(I) Firstly, we prove (15. 3 p in Di. From (15.10 . we easily obtain the upper bound of 
M5 as follows; 

\k I 
|M5(/i;i,/c2,A;3,/c4, /cs)! < 



[N +\k3\)\N +\k,\f{N +\k^\y 
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From |A;i2| ~ l^sl > A^, we substitute this estimate into (I5.3P and use the dyadic 
decompositions to have 

(L, H, S. of ea) < N^' f A!,(\k,2m)-{h)-'{k,)-'-'{h)—'{h)—')(,t)dt 

^^'"EE E E E 

Ni N2^Ni N3<N2 N4,<N3 N5<N4, 

5 

1=1 

where u^. := P{\ki\r~^Ni}U for dyadic numbers N^ with i = 1,2,3,4,5. From the 
Schwarz inequahty, (15. Sp is reduced to two estimates as follows; 

N{' N^'lWd^luN^UN^Wx-'-^/^ < N{'-^N2'-^\\unA\wo\\un2\\wo, (5.4) 

5 5 

j=3 j=3 

If these estimates hold, the left hand side of (15.31) is bounded by 

/v^ i\2 iV3 \iV4/ '"*" 

Ni N2~Ni Ns<N2 NiKNs N5<N4 



^'^E E E E E ivr-^iv— ^iV3---(iV4)- 



X II^AfillwO([-l,l])ll^^2llwO([-l,l])ll^llvi/0([-l,l]) 
Ni N2~Ni 

which shows the desired estimate for — 1 < s < 0. 

The bilinear estimate (15. 4p has been already proven by Hirayama [\A\. So we 
only prove the trilinear estimate (15. 5p . From the Plancherel theorem, we have the 
identity, 

5 

WuNaUNiUNrJlx-o.i/^ = || (/i;)~''(r - pa(A;))^^^ JJ Miv, (tj, A;i) ||p^2 , 

i=3 

where ^ = ^3 + ^4 + ^5 and r = t-^ + T4^ + r^. From the definition, \k\ ~ |fci2| ~ A^s 
in this case. 

(la) We first consider the case (r — p\{k)) < (tj — p\{ki)) for some i = 3,4,5. By 
symmetry, we may assume (r — P\{k)) < {r-^ —p\{k^))- It suffices show that 

<N^^'~\N,)-'-\N,)-'-'\\uN,\\x^.,4uNAYA\nN,\\Y0. (5.6) 
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Holder's and Young's inequalities imply 

5 

i=3 

1 /9 1 /9 

<A^4' N^' \\uNa\\xOfi\\uNi\\Yo\\uNs\\YO- 

We insert this into the left hand side of fl5.6p to obtain the required estimate. 

(lb) Next, we consider the case (r — p\{k)) ^ (tj —px{ki)) for all i = 3,4, 5. In this 
case, we use the algebraic relation to have 

\r-pxik)\ ~ \-pxik)+pxih)+pxik2)+Pxih)\ < {ksl^'lk^l (5.7) 

We use (15. 7p and the Holder inequality to obtain 

When 1^34! > 1, from (12. ip and the Sobolev inequality, the right hand side is bounded 
by 

Ar-2s-2/ AT \— s— 5/2/ AT- \-s-l/2||„, 11 ||„, 11 ||„, 11 

which shows the required estimate. On the other hand, we deal with the case 
1^34! < 1- Combining the Holder inequality and the Young inequality, we have 

WuNsUNillLlJluNsllLf^^ < iVs \\UN3 * n7vJ|;oo^2 HuATg || yO 

^Nb^^hNshlJuNAYoWuNsWYO. 

From this, we immediately obtain the desired estimate. 

(II) Secondly, we prove (15.31) in D2. In this case, we have the upper bound of M5 as 
follows; 

\k I 
\M,ik„ k,, ks, fc4, A;5)| < ^^ ^ i^^i^,^^ ^ i^^i^^JJ^ ^ l^^^l^,^^ ^ l^^l^,. 

In the same manner as above, (15. 3p is reduced to (15. 4p and 

1=3 i=3 

(5.8) 
We now show the trilinear estimate (15. 8p . 
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(Ila) We first consider the case \T—px{k)\ < ks— Pa(^3)|- We use Holder's inequality 
and Young's inequality to have 

5 5 

\\{k)-'~^Y[uNMim < \\Y[unMi^^ 

i=3 i=3 

1 /2 II 

which implies the desired estimate. 

(lib) Next, we consider the case \T — px{k)\ ^ |rj — Px{ki)\ for all i = 3,4,5. In this 
case, the algebraic relation implies 

\^-Pxik)\ < max{|A;|,|A;5|}|A;3|^. 

We use the Holder inequality and the Young inequality to obtain 

5 

(L. H. s. of dEHD) < n^''-'{n,)-'-'/'\\1[unMi^li 

j=3 

<N,^'-'{N,)-'-''/'\\un,unAliJunA\yo, 
which is an appropriate bound from the above argument. D 

Next, we estimate the difference between the almost conserved quantity Ej (u) 

(2) 

and the first modified energy E} (u) when the time is fixed. We call this estimate 
the fixed time difference. 

Proposition 5.3. Let > s > — 1 and N ^ 1. Then there exists C2 > such that 
\E\'\u){to) - E\'\u){to)\ < C,{\\Iu{to)\\l. + \\Iu{to)\\t.), (5.9) 

for any to eM. 

Proof. From the definition of the modified energies, it suffices to show that 

|A3(a3)(to)| < \\Mto)WU \A,{a,){to)\ < \\Iu{to)\\t.. 
These estimates are reduced to the following estimates. 

A f M3(/Ci,fc2,fc3) ., ^^ ^11 ., s||3 /. Tn^ 

A3 7 . OX-2U \ f, \ f, \ n ^ ^0 ^Mto) L2, 5.10 

\{a3 + pX '^b^)m{ki)m{k2)m{k^) ) 

A ( Mi{k\,ki,kz,ki) \ /, \||4 ^c;11^ 

^< (a, + /3A-^5,)m(fcOm(A:,)m(fc3)m(fe,) (^°0 ^ H^^^o)!!... (5.11) 

Firstly, we prove f IS.lOp when \k\\ > | /c2 1 > | ^3 1 . Following the mean value theorem, 
we easily obtain the upper bound of M3 as follows; 

\M3{k,,k2,ks)\ < \ks\m{k^y. 
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If \ki\ <^ A^ for all i = 1,2,3, then M3 vanishes. So we only consider the case 
1^1 1 ~ 1^2! ^ N. The algebraic relation shows 

\as + /3X-%s\--\h\^\h\ 

Following these, we use the Holder inequality and the Sobolev inequality to have 

(L. H. S. oi ^M) < N'^ J mr'-Mto)\'\Mto)\dx 

<iV2^||(fc)-2-«(to)||i4||/«(to)IU^<iV2^lk(to)|li.||m?2(to)||L|, 

which is bounded by A^^'^||'u(to)||i2 from the definition of m. 

Secondly, we prove fIS.lip when \ki\ > \k2\ > l^sl > \k4\. From fl5.ll) and Sobolev's 
inequality, the left hand side of (15.111) is bounded by 

<N''\m)-^-Mto)\\l.<N''Mto)\\l.. 

n 



Propositions 15.21 and 15.31 imply that we can find a constant C3 > such that 

sup \\Iu{t)\\L^ < C3\\Iu{0)\\l^ (5.12) 

For the details of the proof, see [9j. A direct calculation shows that 

11/^^(0, OIU^ < CoX-'-'/'N-'\\uoUs (5.13) 

for some constant Cq > 0. Here we take A > 1 satisfying the following condition. 

Then we combine (I5.12p and (I5.13P to have 

<A^/^ sup \\Iu) 

-A5T<t<A5T 

<C-A''/^Iu,mL^ < SoC,Cs\-'N-'\\uoUs 



sup \\U[t)\\fjs SA ' sup \\IUx[t)\\L2 

-T<t<T -\^^T<t<\^T 



when X^T < N ^^. Therefore we have the following upper bound of the growth 
order of if*, 



sup \\u{t)y.<CT'/'^''^'^\\uoys 

-T<t<T 



for -1 < s < 0. 
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6. Proof of the ill-posedness 

In this section, we give the proof Theorem 11.21 which is based on [3J. From the 
argument to fT3], it suffices to show that we seek for the initial data such that, for 
\t\ bounded, 

WMuomu^ < iiwoii?,., (6.1) 

fails when s < —3/2. Here A-^Iuq) is the cubic term of the Taylor expansion of the 
flow map as follows; 

(6.2) 





Asiuo)it) = 2 [ Uit-s)d,Ms)A2{uo){s))ds 
Jo 


where ui{t) = 


= U{t)uo and 




A2{u^){t)= [ U{t-s)d,{ui{sf)ds, 
Jo 



which is the quadratic term of the Taylor expansion of the flow map. We put a 
sequence of initial data {4>n}n=i ^ H°° as follows; 

Mk) = N-%XN{k) + x^Nm- (6.3) 

Clearly ||0||jj3 ~ 1. A simple computation shows that 

^^ pip{k)t pip{ki)t+ip(k—ki)t 

MiuQ){t) = V" k — — Uoih)uo{k-ki), 

fci^o.Mfci qo[kuk-ki) 



where 



qoik^, k - k,) := hk,{k - k,){k'' + kl + {k- k,y + ^/3}. 



Substituting this into (16. 2p . we use the Fourier inversion formula to have 



A3(Mo)(t) ='^J2J2Y1 e*(fcl+fe2+fc3)x+ip(fcl+fc2+fc3)tr 



(fci + k2 + k^){k2 + fcs)^ n \- II \- II \ in A\ 

X ^ \ -uo{ki)uo{k2)uo{kz), (6.4) 



where 



gi ■■ = -{ki + k2){ki + k3){k2 + k3){{ki + k2f + (A;i + k^f + {k2 + k^f + -/?}, 

g2 ■.=-ki{k2 + k3){ki + k2 + ks){kl + {k2 + ksf + {ki + /ca + k^f + -/?}. 

Note that g2 does not vanish but gi vanishes when ki = —N and k2 = k^ = N. In 
this case, inserting (16. 3p into (16. 4p . we obtain 

IMMit)] > C,\t\N-'-'-^\k\xNik) - C2iV"3-\^(fc) 
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for some constants Ci > and C2 > 0. So there exists C3 > such that 

\\Asi<t>Nm\\H^>CsN-'^-' 
for |t| bounded. From ||0Ar||£fs ~ 1, 06. ip fails for s < —3/2. 
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